In this paper we study the existence and uniqueness of the generalized stationary waves for one-dimensional viscous isentropic compressible flows through a nozzle with discontinuous cross section. Following the geometric singular perturbation technique, we establish the existence and uniqueness of inviscid and viscous stationary waves for the regularized systems with mollified cross section. Then, the generalized inviscid stationary waves are classified for discontinuous and expanding or contracting nozzles by the limiting argument. Moreover, we obtain the generalized viscous stationary waves by using Helly's selection principle. However, due to the choices of mollified cross section functions, there may exist multiple transonic standing shocks in the generalized stationary waves. A new entropy condition is imposed to select a unique admissible standing shock in generalized stationary wave. We show that, such admissible solution selected by the entropy condition, admits minimal total variation and has minimal enthalpy loss across the standing shock in the limiting process.
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Introduction
The purpose of this paper is to investigate the existence and uniqueness of generalized stationary waves for viscous compressible gas flow through a nozzle with discontinuous cross section. We consider the following one-dimensional model:
(aρ) t + (aρu) x = 0, (aρu) t + aρu 2 + aP (ρ) x = a x P (ρ) + ε(au x ) x , (1.1) where ρ, u, P , ε > 0 and a = a(x) are respectively the density, velocity, pressure, viscosity coefficient of the gas and the area of the cross section at x of the rotationally symmetric tube of the nozzle. The pressure P is assumed to be a given function of ρ. Throughout this article, we assume P (ρ) satisfies the following assumption: The assumption (A2) means that the duct is an expanding nozzle and the area of cross section a (x) has a discontinuity at x = 0, see Fig. 1 . Similarly, the assumption (A3) implies that the nozzle is contracting with a discontinuity at x = 0.
For the inviscid case ε = 0, system (1.1) is reduced to the compressible Euler equations (aρ) t + (aρu) x = 0, (aρu) t + aρu 2 + aP (ρ) x = a x P (ρ), (1.2) which can be written as the following nonlinear balance laws
where w = (ρ, ρu), h(a, w) = −a −1 (ρu, ρu 2 ). The existence of global weak solutions and their asymptotic behaviors to the Cauchy problem of (1.3) were first investigated by Liu [14] . More precisely, the global existence results for the non-transonic case were established by using the steady-state scheme whose building blocks consist of solutions for the following equation:
∂ f (w) ∂x = a x (x)h(a, w).
(1.4)
For the transonic case, the asymptotic states or the non-interaction wave patterns of (1.3) were also studied by Liu [15] . It was pointed out that the asymptotic states consist of shock waves, rarefaction waves, contact discontinuities for the Riemann problem of (1.3) with uniform ducts (a x (x) = 0) and the standing waves of (1.3) satisfying (1.4). We notice that, the results of [14, 15] were obtained under the assumption that a(x) is Lipschitz continuous. Hence a x (x) of (1.4) is defined in the distribution sense.
Another approach to the global existence results for system (1.3) was introduced by Isaacson and Temple [11] , Hong and Temple [8] for the 2 × 2 resonant (with repeated eigenvalues) hyperbolic systems, and by LeFloch and Liu [12] , Hong [4] for the general n × n strictly hyperbolic systems. To extend the Glimm method, system (1.3) was augmented by adding the equation a t = 0 and became (1.5) where
T . Although the source term a x (x)h(a, w) is defined only in the measure sense (cf. [1, 13] ), the Glimm method can still be carried out successfully for the existence results in both general strictly hyperbolic systems and 2 × 2 resonant systems. However, for the Riemann problem of resonant systems, due to the bifurcations between the standing waves and zero speed shocks from nonlinear fields, there is no uniqueness of weak solutions determined by the Rankine-Hugoniot and Lax entropy conditions. Indeed, in 2 × 2 resonant systems, there are at most three kinds of Riemann solutions for some Riemann data [8, 11, 15] . To overcome this difficulty, the so-called weighted Temple functional L w was introduced in [8] to select a unique entropy solution of (1.5). The desired entropy solution U was chosen along those solutions if the value of L w (U ) is minimal. However, this criterion selects the unique solution of the Riemann problems except for some critical cases that the Riemann data located on some boundaries [8] . To the best of our knowledge, the uniqueness of solutions to the Riemann problem of (1 .5) is still open.
For the viscous case ε > 0, in [10] , Hsu and Liu considered the transonic steady-state problem of (1.1) for specific nozzles, which can be reduced to the following two-point boundary value problem:
(1.6)
Motivated by the work of [6] , in this paper we will establish the existence and uniqueness of stationary waves when a(x) satisfies either (A2) or (A3). Since a x (x) is not defined at x = 0, we call the stationary waves of (1.1) as generalized stationary waves. By mollifying a(x) smoothly and imposing an entropy condition to the sequence of regularized solutions of (1.1), we extend the GSP method to establish the existence and uniqueness of generalized inviscid and viscous stationary waves. More precisely, the source term of (1.1) lacks of regularity due to the discontinuity of a(x) at x = 0. To overcome the difficulty, we introduce the mollification {a δ (x)} of a(x) which are governed by a family of parameters δ and mollified functions (x) (see (3.1)). The area function a(x) can be approximated by the sequence {a δ (x)} of strictly monotone C ∞ functions depending on the choice of δ and (x).
By the monotonicity of a δ , we can re-scale the variable x by a δ so that the equation for stationary waves can be reformulated into (2.10), which means that the orbits of solutions in ρ-a plane only depend on the choice of (x) but not on δ. 
consists of either a piecewise smooth curve satisfies E(ρ(x), a(x)) = constant, where E(ρ, a) is the enthalpy (see (2.11)). There is a discontinuity at x = 0, which may or may not in part correspond to a zero-speed shock governed by the Rankine-Hugoniot condition. In particular the generalized inviscid stationary wave has a discontinuity at x = 0. Furthermore, (ρ(x), u(x)) is independent of the choice of δ and (x), which gives the unique profile of generalized inviscid stationary wave for (1.2). Then, applying Helly's selection principle, we are able to select a convergence subsequence {(ρ ε
)} such that the generalized viscous stationary solution (ρ ε (x), u ε (x)) of (1.1) can be constructed by the following limit
consists of one jump located in I δ , then, as described in Section 3, for any δ > 0 the admissible generalized stationary wave (ρ(x), u(x)) depends on the choice of (x). That is, the uniqueness of (ρ(x), u(x)) fails in this case due to the different choice of (x).
The main issue of this paper is to select a unique admissible solution (ρ δ (x), u δ (x)) within the mollification {a δ (x)} for inviscid case. It can be accomplished by imposing an extra entropy condition for (ρ δ (x), u δ (x)) beside the Lax entropy condition. The entropy condition, which originated from optimization problems, is given as follows. Given δ > 0, let Θ := {(ρ δ (x), u δ (x))| : (x) satisfies (3.1)} be the family of inviscid stationary solutions of (1.2) where a(x) is mollified by a δ (x) depending on the choice of (x), and {(ρ(x), u(x))| } be the family of δ-limit functions of Θ. Then, the admissible stationary solutions (ρ δ (x), u δ (x))| of (1.2) are chosen as the minimizers of the following optimization problem (E1) min 
On the other hand, arising from gas dynamics, the entropy condition (E1) is equivalent to the following optimization problems (E2) and (E3):
(E2) min
min conditions. We emphasize that, the discontinuity at x = 0 for the limiting solution (ρ(x), u(x)) does not satisfy the Rankine-Hugoniot condition. It is reasonable due to the appearance of the source term a x h in (1.4). Indeed, the discontinuity can be regarded as the composition of Rankine-Hugoniot shock and the limit of smooth wave for (1.4). Such discontinuity also can be seen in [8, 9] . In the end, using the GSP method together with entropy condition (E1) and Helly's selection principle, we establish the existence and uniqueness of generalized inviscid and viscous stationary waves of (1.1) in transonic case. The remainder of this paper is organized as follows. In Section 2, we modify and recall the results for inviscid and viscous steady-states of [6] when a(x) is smooth. In Section 3, we first mollify the area function smoothly. Then, applying the results of Section 2 combined with the limiting argument, we classify the generalized inviscid stationary waves for expanding and discontinuous nozzles. We further derive the unique optimal solution of (E2) and (E3), and obtain the unique generalized stationary wave which consists of the transonic shock and satisfies (E1). Similar results for the case of (A3) are discussed in Section 4. Some figures of the generalized inviscid stationary waves for contracting nozzles are illustrated in Appendix A.
The inviscid steady-states for the mollified system -with continuous cross section
This section concerns with the inviscid and viscous stationary waves of (1.1) through a nozzle with smooth cross section. The steady-state problem was considered in the work [5, 6] by using the geometric singular perturbation theory. Different to the setting of [5, 6] , the area of cross sections is discontinuous in our problem. Therefore, our main idea is to study our problem by mollifying the area of the cross section smoothly. Then we can apply the results of [6] and using the limiting argument to derive the generalized stationary waves to our problem. For completeness, we modify and recall the results of [6] in the following of this section.
The steady-state solutions of system of (1.1) satisfy
Base on the assumption of (A2), we first assume that a(x) is a smooth and strictly increasing function of x such that a(−∞) = a − and a(∞) = a + . Then we are interesting in finding solutions of (2.1) subject to the following condition:
From the first equation in (2.1), we know that aρu = m ε for some constant m ε > 0. Substituting
According to the assumption of a(x), a(x) is invertible and we can treat the space variable x as a function of a. Therefore, by changing the variable x by a and introducing the new variable
system (2.1) can be transformed to the following singularly perturbed system
In terms of the fast scale ξ := a/ε, system (2.5) becomes (2.6) where " " means d/dξ . Systems (2.5) and (2.6) are called the slow and fast system respectively. Obviously, to obtain solutions for (2.1) satisfying (2.2) is equivalent to solve the singular perturbed problem (2.5) subjects to the following boundary condition
where
To examine the problem by using the geometric singular perturbation theory, we first consider the inviscid or limiting systems of (2.5) and (2.6), i.e., (2.8) and
where m 0 is the limit of m ε as ε tends to zero. Suppose (ρ ± (ε), w ± (ε)) tends to (ρ ± , w ± ) as ε → 0. Our purpose is to find solutions (ρ(·; 0), w(·; 0)) of (2.8) which converge to (ρ ± , w ± ) as a → a ± . Then, using the geometric singular perturbation method, we will show that the inviscid so-
, w(·; 0)) as ε → 0) which satisfy the condition (2.7).
Properties of limiting slow system
Let's add the redundant equationȧ = 1 to system (2.8), then the slow manifold for the limiting slow system (2.8) is given by
It's obvious that Z 0 is the set of equilibria of the limiting fast system (2.6) and the linearized eigenvalue λ of (2.6) in the transversal direction of Z 0 is equal to
According to the sign of λ, Z 0 consists of three portions: According to the definition of the slow manifold Z 0 , w can be represented as graph of function of ρ, a. Hence we can write the system (2.8) in terms of (ρ, a) bẏ
The limiting slow orbit of (2.10) can be characterized by the following lemma. 
(2.12) By (A1) and differentiating (2.12) twice with respect to a, we have
Hence the projection of T on the ρ-a plane is a convex curve, see Fig. 2 . Since w can be represented as a function of ρ and a on the slow manifold, in the sequel of this section we will ignore the variable w for points on the slow manifold. All the following graphs are described on the projection ρ-a plane. 
Properties of limiting fast system
Since (2.10) is singular on T , it is impossible to connect two states z 1 ∈ Z u 0 and z 2 ∈ Z s 0 through a smooth solution of (2.10). Therefore, the limit fast orbit (called a standing shock) of (2.9) is the only possible curve to connect z 1 and z 2 . Hence we investigate the dynamics of the limiting fast system (2.9) in this subsection.
According to [6] , we can represent ρ ∈ Z 0 in terms of w and a. More precisely, we have the following lemma. By Lemma 2.3, for any (w * , a * ) with w * < w 0 (a * ), system (2.9) has two equilibria: 
and T can be represented in the form
Z u 0 = (ρ, w, a) ρ = ρ 1 (w, a), w < w 0 (a), a ∈ [a − , a + ] , Z s 0 = (ρ, w, a) ρ = ρ 2 (w, a), w < w 0 (a), a ∈ [a − , a + ] , T = (ρ, w, a) ρ = ρ 0 (w, a), w = w 0 (a), a ∈ [a − , a + ] .(ρ 1 , w * , a * ) = (ρ 1 (w * , a * ), w * , a * ) and (ρ 2 , w * , a * ) = (ρ 2 (w * , a * ), w * , a * ). The equilibrium (ρ 1 , w * , a2) Let (ρ 1 , a) ∈ Z u 0 . Suppose (ρ 2 , a) ∈ Z s 0 and satisfies E(ρ 1 , a) = E(ρ 2 , a),
Stationary waves for expanding and continuous nozzles
Base on the properties illustrated in previous subsections and using the geometric singular perturbation method, in this subsection we will present a classification for the inviscid and viscous stationary waves of (1.1) with smooth area of cross section. 
Stationary waves for contracting and continuous nozzles
In this subsection, we assume a(x) is a continuous and strictly decreasing function of x such that a(−∞) = a − and a(∞) = a + . Following the previous arguments, the structure of the inviscid 
By the same way, we have the following results. 
Theorem 2.6. Assume a(x) is smooth, decreasing and satisfies a(±∞)
= a ± , B − = (ρ − , a − ), B + = (ρ + , a + ) ∈ Z 0 .
The inviscid steady-states for expanding and discontinuous nozzles
In this section, we will consider the existence and uniqueness of generalized stationary waves of (1.1) with expanding and discontinuous nozzles. According to the assumption of (A2), we will first mollify the area function a(x) into a smooth and monotonic increasing function. Suppose δ > 0, let's define the smooth function a δ (x) by 
Since a δ is smooth and increasing, by Theorem 2.5, we have a classification of the inviscid steady-
as a δ → a ± (or x → ±∞). Then we consider the following two cases.
for a δ ∈ [a − , a + ] and some constant K > 0, where
However, due to the discontinuity of a(
) has a discontinuity at x = 0. By (3.1), Lemma 2.1 and the monotonicity of E(·, ·),
Therefore, the condition (3.5) provides the enthalpy condition for ρ(a) of (1.
Then the curve Λ 0 defined by
is a generalized inviscid stationary waves of (1.1) with a(x) satisfies the assumption (A2), see Fig. 5 .
Recall that for any (ρ δ , a δ ) ∈ Z + aP ρ(a) , (3.8) where ρ(a) :
. Therefore, we need to investigate the discontinuities of ρ(a) in a more precise way.
Then we consider the following three cases: 
is a generalized inviscid stationary wave of (1.1), see Fig. 6 . Similarly, Λ 0 admits generalized viscous stationary waves of (1.1). 
is a generalized inviscid stationary wave of (1.1), see Fig. 6 . Λ 0 also admits generalized viscous stationary waves of (1.1). Similarly, in x-coordinate, Γ s and Γ u also represent jumps of ρ(
In this case, for δ > 0, the orbit O B + will intersectÔ B − at one point
Note that B depends on δ and (x). Let Γ be the standing shock formB to B , then the curve Λ defined by
is an inviscid transonic stationary wave of (3.2). Note B =B L orB R when B + =B L orB R respectively. However, the limiting curve Λ * := lim δ→0 Λ is not defined on the region (a L , a R ). Indeed, due to the different choices of (x) in the mollified case, the shock of Λ * may jump to every possible state For any B + ∈ [B R ,B L ], it is easy to see that the curve O B + will intersect {a = a R } at one point
is a generalized inviscid stationary wave of (1.1) from B − to B + , see Fig. 7 .
From Fig. 7 , we know that the state B − can connect to any B + ∈ [B R ,B L ] through the transonic shock Γ * . The main reason for the various paths of generalized inviscid stationary waves starting from B − to various B + is the different choice of (x) in (3.1), since different state B * corresponds to different (x) of the mollified area function a δ (x). Therefore, in physical sense, it's necessary to determine the unique transonic shock at x = 0 for the generalized inviscid stationary wave starting from B − to a unique B + .
In the following, we will investigate the problems of enthalpy loss (problem (E3)) and total variation loss (problem (E1)) when ρ δ approaches to ρ and determine the unique shock which has smallest enthalpy loss and total variation loss. In fact, for weak shocks, the transonic standing shock ρ δ for the mollified system which has minimal enthalpy also has the minimal total variation (i.e., (E2) is equivalent to (E3)). The limit of the optimal ρ δ as δ tends to 0 will be the unique transonic standing shock for the generalized inviscid stationary wave which has minimal enthalpy loss and total variation loss.
First, as δ > 0, we define the enthalpy loss function for Λ by 
Proof. Since E(ρ, a) is strictly increasing in
Hence the transonic standing shock from B − through B L to B + =B L has the minimal enthalpy loss. The proof is complete. 2
From Lemma 3.1, the transonic standing shock from B − through B * toB L =B * gives us the transonic inviscid steady-state of (1.1) which has the minimal enthalpy. Physically speaking, for isentropic gas, the energy dissipation is due to the variation of the density between different enthalpy lines. Therefore, it's necessary to investigate the loss of total variation when the inviscid transonic steady-states of system (3.2) approach to that of system (1.1). Let's define the total variation functions of density for the inviscid steady-states Λ and Λ * from B − to
and V δ = V . This means that the total variation for the transonic steady-state of system (1.1) during the limiting process has no loss through the mollified orbit pass B + =B L . Therefore, such mollified inviscid steady-state ρ δ and their limit is the optimal solution of (E1). This also implies that (E1) is equivalent to (E3). Now we claim that V δ is a decreasing function of ρ + . If the claim is true, then the minimum of V δ (B + ) occurs when B + =B L . Thus, the mollified inviscid steady-state starts from B − , through the standing shock connecting B L andB L , to B + gives us the unique transonic shock which has minimal total variation, i.e., the optimal solution of (E3). Since the steady-state with the minimal enthalpy loss is coincide with that of minimal total variation, problem (E2) is equivalent to (E3). Therefore, all the problems (E1), (E2) and (E3) are equivalent.
Let's prove the claim. Suppose To prove (3.11), we need the following lemmas.
Proof. Let's define the function F (u, v) 
(3.13)
Hence the assertion follows. The proof is complete. 2
Proof. From (2.11), we know that
(3.14)
Note that J (ρ
Base on the properties of the above lemmas, in the following theorem we will show that the inequality (3.11) holds when the shock is sufficiently weak. Hence the total variation function V δ is decreasing in ρ + . Suppose a + − a − is small enough, by elementary computation we havě
Then, by Lemma 3.3, we know that J (ρ 
The inviscid steady-states for contracting and discontinuous nozzles
In this section, we will classify the generalized inviscid stationary waves of (1.1) through a contracting and discontinuous nozzle, i.e. the assumption (A3) holds. Similar to the discussion in Section 3, we obtain the stationary waves through the techniques of mollification and limiting arguments. at a = a L and a R then we choose the transonic shock which is the limit of shocks for the mollified system that has smallest enthalpy loss and smallest total variation. Different to the case of expanding cross section, even for strong shock, the shock of the mollified system which has smallest total variation always coincides with that has minimal enthalpy loss. The details are described as follows. 
It is clear thatB
From Proposition 4.1, the transonic steady-state ρ δ starts from B − , passesB R , to B + has the minimal total variation. Similar to Section 3, one can verify that the transonic steady-state along such orbit has smallest enthalpy and total variation. Then, the generalized stationary waves of (1.1) are classified in the following theorem. Fig. 10 in Appendix A). Fig. 13 in Appendix A).
Moreover, all the above generalized inviscid stationary waves admit generalized viscous stationary waves of (1.1). 
